Senior Division: Problems 2
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Ava drove from towrk to townF at a constant speed of 60 mph. Ben drove ffamE
along the same road also at a constant speed. They started their journeys at the sam«
and passed each other at p&@nt

Ava
-
Ee ® o F
G
<—
Ben

Ava drove fromG to F in 16 minutes. Ben drove frofd to E in 25 minutes. Determine
Ben's constant speed.

Solution
Let Ben's speed bemph.

A: distanceGF = speed x time= 60 x els_g = 16 miles

distance 16
= — hours

B: timeFG =
speed v

. ) ) . 1
A's time fromE to G is the same as B's time frdato G, so is alsov6 hours

. . 16 .
A: distanceEG = speed x time 80 x 76 miles

distance B

B: timeGE = = 60 x (E) + v hours
speed %

This time is 25 minutes 021% hours.

So
16 25
60 (—) +V = =
“\v 60
V2 = 607 x 1—6
25
v = 60 x g = 48sincev s positive

Ben's constant speed is 48 mph.



S2.

The numberg, g, r, sandt are consecutive positive integers arranged in increasing orc
p+qg+r + s+ tisaperfectcube amgl+ r + sis a perfect square. Find the smalles
possible value af.

Solution

p+g+r+s+t=>5r
For this to be a perfect cutre,= 253, wherek is a positive integer.
q+r+s=23 =3x25%
For this to be a perfect square, the smallest valkeso8. (Nextik = 12)

The smallest to satisfy both conditions is = 25 x 3 = 675

Check:
5 = 5x 25x 3 = 15and3r = 3 x 25 x 3 = 45 as required.

S3.
If f(x) = x — 3andg(f (x)) = X2 — 10, determine an expression ¢x).

Solution
Lety = f(X) = x — 3. Thenx = y + 3and

g(f ) = gy) = ¥ - 10 = (y + 3° - 10
(Y +6y +9) —10 = yV* + 6y — 1.

Now replacey by x:
gx) = X + 6x — 1.
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In the diagramAB is tangent to the circle with cenite D
and radius. The length oAB is p. PointC is on the

circle andD is outside the circle so thBED is a

straight line, as shown. AI®C = CD = DO = q.

Prove thap? = o + r2 c
0
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Let CD cross the circle & and letCE bex. LetZOCD = a.

TriangleODC is isosceles sind®D = DC = q. I—{ence the altitudBM will bisect the radius
CM ol

OC(= r)atM. SoCM = 5andcosa = — = & = I

Now consider triangl©EC, in whichOE = OC =r.

First we need to find in terms ofr andag.

Method 1:using the cosine rule:

I,.2

r> + x> — 2rx cosa

24— 2x—
29
5 r?x
=P+ X - —
q
2
-2 -0
q
2
x(x—r—)=0
q

Hence eithek = Oorx = &.
From the diagranx is clearly not O, s& = ’—qz
Method 2: Using theight angled triangle which forms half of the isosceles tria@f€

(much easier if you spot it!):

COSa

Nl
—
b

N

Sox = L.



Now the tangent secant theorem shows that

BA® = BC x BEwhereBE = q + X =  + — =

q q
So
2 2
pzquq ;‘r =q2+r2
as required.
Solution 2

Let CD cut the circle again & and |etCE = x. Let the base of the altitude of trian@€E beN.

Isosceles triangldSOC andOCE are similar as both have the same base &@@Q@ = EOC.
side q r r?
So—— = - = —and henca = —.
base r X q
Since triangleOCE is isosceled is the midpoint oCE andCN = 3x. TriangleONC has a
right angle atN and so
2
ON? = OC? - CN? = r2 - (’—2() .
TriangleONB has a right angle &t and so
2 2
OB* = ON? + BN® = rz—()—z() +(q+g) P+ g = 2%+
TriangleOAB has a right angle &and so
OB* = OA” + AB? = r2 + p* = 2% + %
Hencep? = r? + ¢ as required.



S5.

| have two bags containing coloured balls. The first bag contains five balls, all of whic
red, whilst all the balls in the second bag are blue. | transfer one of the balls in the firs
to the second, then pick at random a ball from the second bag and transfer it to the fir
I now pick a ball at random from the first bag and transfer it to the second bag. If the

probability of a ball picked at random from the second bag being blue i%,tlhlmv many
blue balls were there in the second bag originally?

Solution 1

Suppose there areblue balls in bag 2 initially. After the first transfer, the contents of the bz
are (R =red, B = blue)
bag 1: 4R, 0B and bag 2: 1.
A ball picked at random from bag 2 will be R with probabilityn + 1) and B with
probabilityn/ (n + 1), giving the contents of the bags after transfer back to bag 1 as
(a) bag 1: 5R, 0B and bag 2: Gi® with probabilityl/(n + 1)
or
(b) bag 1: 4R, 1B and bag 2: (R,— 1)B with probabilityn/(n + 1).
Assuming (a), transferring a random ball from bag 1 to bag 2 now gives bagri® Mgth
probability 1, and then the probability of picking B from bag 2/ign + 1). (X)
Assuming (b), transferring a random ball from bag 1 to bag 2 gives
either
(b1) bag 2: 2R¢(n — 1)B with probability 4/5,
and then the probability of picking B from bag Zns— 1)/ (n + 1); (Y)
or
(b2) bag 2: 1RnB with probability 1/5,
and then the probability of picking B from bag 2ig1 + 1). (2)
The total probability of picking a blue ball from the second bag is thus
1 n ) ( n 4 n—l) ( n 1 n 502+ n
— x1x + — |+ X = X = )
n+1 5 n+1/ 5(n+1)>

n+1>< n+1 n+1X§Xn+1
from (X) from () from (2)
For this to equal 3/5, we neé? + n = 3(n + 1)? and hence
2 -=5n -3 =(2n+1)(n-3) = 0,

leading ton = 3 (n being a positive integer). Thus the second bag originally contained 3 t
balls.



Solution 2

pick pick pick pick B
from from from from
bag 1 bag 2 bag 1 bag 2
4R
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R/ 1RNB n
5R 1 n+ 1
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Z
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On the branches of the tree, R means pick a red ball and B means pick a blue ball. The |
below the branch indicates the probability with which that the particular colour is picked.
headers above each level of branching indicate which bag is being picked from, and in th
case that the colour being picked is B i.e. blue.

At the nodes of the tree, in the box, the first line indicates the contents of bag 1 and the s

line the contents of bag 2. For exampfé',Q means bag 1 contains 4 red balls and bag 2
1RnB

contains 1 red ball anublue balls.

The probability of reaching each of the endpoints X, Y and Z is obtained by multiplying th

probabilities of going along all of the branches leading to that endpoint. Hence the proba
n

n+1

x 1 %

of reaching X isl x
n+1
n-1 4n(n-1)

Xﬂ-x .
n+1 5 n+1 5(n + 1)?
n_ 1

5

The probability of reaching Y i& x

n n?

The probability of reaching Z s x r—— X = X il 5m+ 1P

+

Adding these, the total probability of picking a blue ball from bag—g|s+—ln)2

For this to equaj, we needn? + n = 3(n + 1) and hence

2 -5n-3=(2n+1)(n-3) =0,
leading ton = 3 (n being a positive integer). Thus the second bag originally contained 3 |
balls.



	S1.
	S2.
	S3.
	S4.
	S5.
	<Section>

