Senior Division: Problems 2

S1. Alarge equilateral triangle with sides of integer lengtis split into small equilateral triangular
cells each with side length 1 by drawing lines parallel to its sides. A continuous track starts in
at one corner of the large triangle and moves from cell to cell, always crossing at an edge sha
the two cells. The track never revisits a cell. Find, with proof, the greatest number of cells that
visited on one track.

Solution

Colour the cells alternately grey and white as shown when 5. For a large triangle with sidéthere are
alwaysTy white cells andy _; grey cells, wherdy is theN th triangular numbefTy — Ty_1 = N so
there ardN more white cells than grey cells.

Every possible track alternates between white and grey cells, always starting on a white cell. So onc
grey cells have been visited, with a track starting and ending on a white cell, there Mustbw/hite

cells remaining. A track of this length is always possible, by missing the final white cell at the end of
row, apart from the last cell (i.e. missiNg— 1 white cells in all), as shown in the diagram.

The longest track passes throuigh ; grey cells andy_; + 1 white cells, wherdy_; = (N - 1).
Hence the maximum track lengthNgN - 1) + 1.

S2. Inthe diagramPQRSis a square witiXY =) Q
perpendicular t@R and
XP = XS = XY = 10cm. What is the area of the
square?

Solution
Let the side of the square hem. P Q
ConstructXZ perpendicular t®S.

Apply Pythagoras' theorem to the right-angled triaR}{&
ZX? + ZP* = PX? ZI— Y

X2
(X — 10)2+(§) = 10°
x2—20x+100+x—2—100
4 S R
2
X o =0
4
x(5x — 80) = 0

So eitherx = 0 (the triangle collapses, which it clearly does notj ¢ 16.
So the area of the squarel® = 256 cn.
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S3.  If xis a real number satisfying + = = 25, determine the exact valuexsf + —

x3 X2’
12
Hint: Start by looking a(tx + ;) )
Solution
1\ 1
X+ =] =X +2+ = 1
(+x) " +x2 @D
1 1 s 1 1
X+ = + ==X+ 5+ X+ = 2
( x)( x2) x3 X @
Lety=x+iandz=x2+£2.Then
X X
YV =z+2
yz = 25 +y

so that

y(yy -2) =26 +y
Y -3y-256=0 ©

But we can see thgt= \/5is a solution sdy — V/5) is a factor and the left-hand side can be factorised
give
(y - VB(y + VBy + 2) = 0.
We now try to solvg? + VBy + 2 = O:
o B VE-ax3  Bxy3
- 2 - 2

so there are no more real solutions.
Finallyz = ¥ -2 = (6 -2 =5-2 = 3.

1.
Sothe exact value of + s 3.



S4. xandy are positive integers such thét+ y? — x is exactly divisible byxy.
(a) Find all possible values fgrwhenx = 9.

(b) Show thatx must always be a perfect square.

Solution
Note: this solution uses the symbdlto mean ‘divides into with integer result’.

(a)
Whenx = 9,%% + V> — x = 72 + Y sol8y | (72 + V).
Sincel8 | 72, 18| y*and hencé | yi.e.y = 6mfor some positive integen. So

18(6m) | (72 + 36n7)
3m| (2 + ).

Asm | m?, mmust divide 2.

Whenm = 1, 3| 3soy = 6is a solution.

Whenm = 2,6 | 6 soy = 12is another solution.

And there are no other possible valuesyfor
(b) x> + y* — x must be exactly divisible by each factor separately.
x| (x® + y?* — x) sox | y¥* so? = kx for some positive integdc
If all the prime factors ok are raised to even powers themust be a perfect square.
If any primep | x theny? = kxsop | y* and hence | .
Thus2xy = np? for some positive integersop? | (x> + y* — x) andp? | x.

If p® | xtheny? = kxsop® | y?*and hence? | .
Thus2xy = np° for some positive integersop® | (x> + y* — x). p* divides bothk? andy? and sq* | x.

If for some positive integar p? ** | xtheny? = kxsop? ** | y*and hencg@ *? | y.
Thus2xy = np**2 for some positive integersop® *2 | (x> + y?> — x). p* *2 divides bothx?
andy? and sq® *? | x.

Thus if a prime to an odd power divideso does the prime to the next higher even power.
Thusx is a product of primes to even powers,X.& a perfect square.



S5. TriangleBAC has a right angle & Any
two parallelogramsACPQ andABRS are
constructed o®C andAB respectively.
The linesPQ andRS are produced to meet
atD. The lineDAEF is drawn with
DA = EF.

Show that the area of any parallelogram
with sideBC andF lying on the opposite
side equals the sum of the areas of the
parallelogram#\BRS andACPQ.

Solution

Draw lines througtB andC, parallel to
DF, as shown.

Parallelograms with the same (or equal)
bases and between the same pair of
parallel lines have the same area.

The parallelograma8DYC andAQPC R
have equal areas, as do parallelograms
BADX and BARR

SinceDA = EF, parallelogramsADYC
and EFHC have equal areas argABX
and EFGB also have equal areas.

M G F N H

TrianglesBGM and CHN are congruent hence
Area of parallelogranBMNC = Area ofABRS + Area oACPQ
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