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2018-2019 Senior Division: Solutionsto Problems 2

Show that the product of four consecutive odd integers is always 16 less than a square num

Deduce that the product of four consecutive odd integers can never be a square number exi
one particular case.

Solution
Suppose the four integers &e- 3, k — 1, k + 1, k + 3 for some even integér Their product
can be written

(k= Dk + D)k - 3)(k + 3

S (IR-1)(E-9) = K- 10& + 9 = (& - 5 - 16(by completing the square)
This proves the first part.

We inspect the sequence of squares 0, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100,...

There are 2 pairs that differ by 16: 0 and 16, and 9 and 25. There cannot be any more as tr
difference between further successive squares is greater than 16.

0 cannot be a product of odd integers.

So the only situation where the product of four consecutive odd integers is a square is when
product is 9 and the odd integers aB -1, 1, 3.

A cardboard box manufacturer makes open-topped boxes which are cubes. Because of cha
the market, there are plans to double the volume of the boxes which are made. The regular
of raw cardboard offers a 37.5% discount on the price that was originally being charged. A r
supplier offers a deal in which the manufacturer would be paying exactly the same for the ra
material for his bigger boxes as was paid for the smaller boxes.

Which is the best deal for the manufacturer?

Solution

Let the length of a side of the original boxdmetres. So its volume & m? and the amount of
cardboard required Ba2 m?. If the regular supplier charged per square metre, the raw materia
for each box costg5a’x.

He now doubles the volume of his boxe#d m®. If the length of the side & metres then
A% = 2a®so thatA = ¥/2a. The amount of cardboard required for the bigger box is
5A2 = 52282 mA

So the regular supplier chargﬁfz‘@a2 x 2x and the new supplier charggSa®x. Since
V22 x 3 < 1he should stick with the original supplier.



Ina4 x 4 grid as shown, place three coins randomly in different squares. |@ [

Determine the probability that no two coins lie in the same row or column.

Solution

The first coin can be placed in any square and there are always 6 )
squares in the same row or column — darker shading in the )
diagram.

The second coin can be placed in any of the 15 remaining
squares, but onl¢5 — 6 = 9 of these are in a different row and
a different column. So the probability that these coins do not lie

in the same row or column 1Is x I

The third coin can be placed in any of the 14 remaining squares, but only 4 of these are in a
different row and a different column — unshaded and unoccupied in the diagram. 6So the

- . . . 9 4
probability that all three coins do not lie in the same row or colurlhnxlsl—5 X - 3



Distinct pointsA, P, Q, RandSlie on the circumference of a circle afH, AQ, ARand ASare
chords with the property that

ZPAQ = ZQAR = /RAS
Prove that

AR(AP + AR = AQ(AQ + AS.

Solutionl

Let the chord®\P, AQ, AR AShave lengtha g, 1, s.

The chord$Q, QR RSall subtend equal angles in the same circle and therefore are all of the
length.

AnglesAPQ andARQ are supplementary, since they are in opposite segments.

So when triangl€ARis rotated abou® until QRis coincident witlQP, APA forms a straight line
and the triangl@&QA' is isosceles.

Similarly, angleASR and AQR are supplementary, since they are in opposite segments.

So when triangl€ARis rotated abouRuntil R is coincident witliRS ASA” forms a straight line
and the triangl&RA is isosceles.

These isosceles triangles are similar, since they have the same base angle. Hence
p+r g+s
q
r;e+r =0q(@Q+y
i.e. AR(AP + AR = AQ(AQ + AS) as required.




Solution2

Let the equal angles Atbea and angleAPQ
bex. Letthe chord&\P, AQ, AR AShave
lengthsp, g, 1, S.

Then the angles shown can easily be deduced
knowing that opposite angle in a cyclic
quadrilateral are supplementary and angles in
a triangle sum tar.

Using the sine rule in triangkPQ:
P _ 9
sin(r — X — a) sinx
Using the sine rule in trianglQR
q B r
sin(x - xX) sin(x — a)’

D

2

Using the sine rule in trianghkRS
r s
= . (3
sin(m — X + a) sin(x — 2a) &
Sincesinx = sin( — X) andsin(x — a) = sin(z — X+ a) (1), (2) and (3) are all equal (kesay).
Hence from (1)p = k sin(m — x — a), from (2)q = k sin(z — X) and from (3)
r = ksin(w — X + a)and als® = k sin(x — 2a).
So

ARAP + AR = r(p + r) = ksin(x — a) -k[sin(m — x — @) + sin(x — a)]

= K*sin(x — a)[sin(x + a) + sin(x — @)] = k*sinx -  sinxcosa
and

AQ(AQ + AS) = q(q + 9 = ksinx-k[sinx + sin(x — 2a)] = K sinx-3 sinx cosa

i.e. AR(AP + AR = AQ(AQ + AS) as required.



In a magic square, the numbers in each row, the
numbers in each column, and the numbers on each loga | logb | logx
diagonal have the same sum. Given the magic
square shown with all & b, c, x, y, z positive,

determine the produgtzin terms ofa, b andc. P | logy | logc

logz q r

Solution

Note that all ofa, b, ¢, X, y, zare non-zero and positive, so we can always divide or find squar
roots as necessary.

The totals of the row and column throuyghre the same, and so
loga + logz = logy + logc

Hence logaz = logyc
az = yc
z- L (i)
The totals of the row and diagonal throdghx are the same, and so
loga + logb = logz + logy
Hence logab = logyz
ab = yz (i)
ab
zZ= — (i)
y
Thus from (i) and (iii)
, - Yo _ab
a y
and
a’b av/b .
y = < o y=F (iv)

The totals of the diagonal and column througtre the same, and so
loga + logy = logx + logc
Hence logay = logxc

_ Y

X == v)
Multiply (ii) by x: Xyz = xab
and on the RHS substitutdrom (v) and thery by (iv):

Xyz = a—gab

ety

C
ab avb
c e

b3
3
= aﬂg.
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