Senior Division 2017-2018 Round 1 Solutions

Si. In a trapeziunPQRS PQ is parallel toSRand£ZSPQ = ZRQP = 13%. The trapezium contail
an inscribed circle and the lengthR® is 1 cm. What is thexact length ofQR?

Solution 1

S C R

A regular octagon contains an inscribed circle which must touch all sides. The angle betv
adjacent sides of a regular octago38 and all pairs of opposite sides are parallel.

The trapeziunPQRShas an inscribed circle touching all its sides. The angle between adje
sides,SP andPQ, is135. Similarly for ZPQR betweerPQ andSR. The opposite sidd2Q and
QRare given as parallel. Thus the regular octagon with ond*§dmd the same inscribed cir
as the trapeziurRQRS has parts of its other sides coincident v@h QR andSR as shown in thi
diagram.

The linesQA, AB andBC are also sides of the regular octagon.

BD is parallel toSR

AB = BD = 1cm, sOAD = /2 cm.

SoOQR=QA+AD+DR=(1++v2+1cm= (2 ++2)cm



SL

Solution 2

S R
Extend the sideSP andRQ to meet atV and letX be the midpoint oPQ, Y the centre of the circ
andZ the foot of the vertical diameter.

Since£ZSPQ = 135, we know thazQPW = 45° and similarlyZWQP = 45 so
ZPWQ = 90° andWPQ is an isosceles right-angled triangle in whigR = WQ so
WP + WQ° = PQ°
1 1
QWP = 1 = WP = = = WP = —.
2 V2
But X is the midpoint oPQ soPX = }andQX = 3.
Now draw in the radivU andYV. SinceSV andRW are tangentg YUW andYVW are boto0°
soWVYU is a square. Furthermore, since they are equal tangdits, PX = 3 and
VQ = QX = L
So, we havJW = UP + PW = 1 + L = 1£¥2 ButWVYU is a square so the rafi and
YV are both equal toW. So we have

N

WZ = WX + XY + YZ = 1+(3+i)+(l+i)= 3+ 2v2

2 2 W2 2 V2 2
As PQ is parallel taRR we now know thatvZRQ = 45° and, from above/XWQ = 45° so
triangleWZRis isosceles hence

3+ 2\/5)2 _ (3 + 2\/5)2

WZ2 + ZR = WR = WR = 2

2 V2
Hence
QR=WR—WQ=3+2—i=\/§+2.
V2 V2



S2.

S3.

Each of the six faces of a solid cube is divided into four

squares as indicated in the diagram. Starting from P ./I
vertexP paths can be travelled to ver@xalong

connected line segments. Each movement along a path
must take one closer €. How many possible paths /'Q

are there fronP to Q?

Solution

First count the paths froftowards the edges visible in the diagram below. At each noc
number of paths is the sum of the number of paths to the previous possible nodes.

6 3 4
3@
1
11—+ 3
, 2
2 1 6
] 3
3 1

Then look at the other side of the cube vigtin the centre and continue. Note that the da
lines have already been traversed.

Thus there are 54 paths frd?rto Q.

In a magic square, the sum of the numbers in each diagonal, row and column is the same

the value ofy + zin this3 x 3 magic square?

vV |24\ W
18| X |y
25| z | 21

Solution

V+X+21 V+ 18+ 25 = x = 22

W+X+25=w+24+v=>Vv=x+1l=23

23 24 w
18 22 y
25 z 21
Z=166-46 =20, w=66-47=19 y =66- 40 = 26
23 24 19
18 22 26
25 20 21

y +z =46



D C

In the diagramABCD is a square. PoinisandF are chosen 0AC so that angl&DF is 45°. If
AE = x,EF = yandFC = z prove that

V =X+ 72
Solution 1

Rotate the squai@)°® anticlockwise aboub to obtain a second square as shown in the diagre
below. The new points are indicated with a

B A B

F y

E z

A D C
Angle EAF’ is a right angle since the rotation was thro@gh
So triangleEAF’ is a right-angled triangle with sidesandz. We need to show that its hypotenus
y.
Consider the triangles’DE” andFDE.

/F'DA= ZFDC = 9(° — ZADE — Z/EDF = 90° — ZADE - 45° =45 — Z/ADE.
So
/F'DE = /F'DA + Z/ADE = 45 = /FED.

Also F'D = FD, sinceF’D is the rotatedrD, andDE is common to both triangles.
Hence they are congruent. (SAS)
So the corresponding sidB4% andFE are equal with lengti
Using Pythagoras theorem in the right-angled triaBgle’ we havey’ = X2 + Z.



Solution 2
SinceAC is a diagonal of squaiBCD, then/EAD = ZFCD = 45°.
Let /ADE = 6.
Since the angles in a triangle have a surbdf, then

/AED = 180¢° - /EAD - Z/ADE = 180 - 45 - 9 = 135 - 6.
SinceAEF is a straight angle, then

/DEF = 180° - ZAED = 180 - (13% - 6) = 45 + 6.

Continuing in this way, we find thatEFD = 90° — 8, «/DFC = 9(° + @ and
/FDC = 45 - 6.

A B
N
133 - 0N F
45+ 6 Yy
a
9r -0 XF
0 90 + 6 7
b
45
45 - 6 45
D C
ED X ED
Using the Sine Rule inAED, we see that - or — = — .
SinZADE _ SinZEAD sing  sin45°

EF ED ED
Using the Sine Rule in DEF, we see th , or — y __ - .

in/EDF ~ sinZEFD ~ sind5  sin(9C° - 0)

FD y FD
Using the Sine Rule inDEF, we see that , or — = — .
SinZEDF _ sin/DEF ~ sind% _ sin(45 + 0)
FC FD z FD

Using the Sine Rule inDFC, we see that - or — = — .
sinZFDC sinZDCF S|n(45f’ -6) sind®
Dividing the first of these equations by the second, we OM = Sin(®0" — 9) or

. . ysino sin4%®
X sin(90° - 0) sino

y sin245° .
Dividing the fourth of these equations by the third, we Ob%&l-l%w Sin(s’ + 6)

n(45 - o) sin45
z _ sin(45° + 0) sin(45° — 6)
y Sin?45°
Sincesin(90° — a) = cosa for every angle:, thensin(90° — ) = cosb.
Also sin(45° + ) = sin(90° — (45 — 9)) = cos(45° - 0).

1
Using this and the fact thm oy 1/V27

= 2 c0sf sind = sin20

, X z
= 2, the expressions fo)}r and)—/ become

and
)—Z/ = 2c0945° — 6) sin(45° - 6) = sin(2(45° - 6)) = sin(90° — 26) = cos26.

Finally, this gives us that
2 2 2
X—Z + é = ()—() + (E) = sin”20 + co$20 = 1.
y oy y y

Since? + — = 1, we have¢ + Z =y, as required.

¥



(a) A class of 15 is to be divided into groups of three for practical work. There is one pail
in the class. Show that if the groups are selected at random the probability that the tv

the same group of threeJ7rs

(b) If there were two pairs of twins in the class determine the probability that there would
least one group containing a pair of twins.

Solution
(@)

Represent the 5 groups of three by 5 boxes, each to contain three group members and I
be Al and A2. Place twin Al in a box, and make it the first box:

spaces 2 3 3 3 3

Al

The twins will be together in the same group only if A2 takes one of the available spaces
first box, out of the total 14 equally likely available spaces. This makes the probability of

being in the same grouled—r or Z as required.

(b)

Method 1

Let the first pair of twins be Al and A2, and the second pair B1 and B2.
P(at least one pair in same group)

= P(pair A together) + P(pair B together) — P(pair A together and pair B together)

= % + % — P(pair A together and pair B together)

Now find P(pair A together and pair B together).

spaces 1 3 3 3 3

Al
A2

First place pair A together in box 1, which has probab%litys shown above. Then if B1 occt

the remaining space in box 1, with probabift’g, none of the possible 12 remaining position

B2 allow them to be together. Alternatively, if B1 occupies any of the other 12 out of the
spaces available then B2 must take one of the other 2 spaces in the same box, out of the
spaces still available. So

. . 1/1 0 12 2 2
P (pair A together and pair Btogether)7(ﬁ X I + 13 X ) = 7x 13
Hence
P(at least one pair in same gro ):L + E - 2 _183+13-2 2_4
P 9ot 7 T Tx 13 7 x 13 91




Method 2

Let the first pair of twins be Al and A2, and the second pair B1 and B2.
P(at least one pair in same group) = 1 — P(both pairs apart)

Now find P(both pairs apart).

spaces 2 2 3 3 3

Al A2

: . , : .1 6 :
Place pair A apart in the first two boxes, with probability == If B1 occupies one of the

remaining spaces in these boxes, with probab%ythen B2 can occupy any except the other

space in the same box, i.e. 11 out of 12 remaining spaces. Alternatively, if B1 occupies ar
other 9 out of the 13 spaces available in the empty boxes then B2 cannot take one of the ¢
spaces in the same box, leaving 10 out of the total 12 spaces available for B2. So

6(4 11 9 10 6 44+90 67

X — 4+ — X = - X = 37
7\13 12 13 12 7213><12 91

. 7
Hence P(at least one pair in same group) - — = —.
( p groud) - o7 = 57

P(both pairs apart



