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Senior Division: Problems 1

S1. A pyramid stands on horizontal ground. Itsbaseis an equilateral triangle with sides of length a, the
other three edges of the pyramid are of length b and itsvolumeis V. Show that the volume of the
pyramid is

1
V = —a’/3p? - a2
12

The pyramid is then placed so that a non-equilateral face lies on the ground. Find the height of the
pyramid in this position.

S2. Eightislands each have one or more air services. An air service consists of flights to and from
another island, and no two services link the same pair of islands. There are 17 air servicesin all
between the islands.

Show that it must be possible to use these air servicesto fly between any pair of islands.
S3. How many distinct solutions consisting of positive integers does this system of equations have?
X1 + X + X3 =5
Yi + Y2 + ¥3 =
Z, + b + 23 =
Xy + yi o+ z =
Xy + Yo + v =
X3 + Y3 + Z3 =

o1 o1 01 01 U1

4.  Over many centuries, tilings have been important to mathematicians and to society. To useasingle
tiling to cover aplaneisvery useful. For afew cases, regular polygons (equilateral triangles,
squares, regular hexagons) can be used but in order to do that, their angle needs to be a factor of
360°. Itisnot possibleto have atiling of regular pentagons. However, non-regular pentagons are
known which will tile the plane. There was much excitement in August 2015 when ateam in the
United States discovered a hitherto unknown pentagonal tiling and it is shown in the diagram.

Use the lengths given and angle sizes to calculate its exact area.
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The diagram shows square PQRS with sides of length 1 unit. Triangle PQT isequilateral. Show that
the area of triangle UQRis(v/3 — 1)/4 square units.

END OF PROBLEM SET 1




