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2015-2016 Senior Solutions Round 2

A radio ham places an aerial mast where it gives the best reception on the roo
rectangular garage. He then fixes wire supports from the top of the mast to ea
corner of the roof. The lengths of two opposite supports are seven metres anc
metres and the length of one of the others is 1 metre. Find the length of the re
support.

Solutions

c d
Let the length of the remaining wire supporbdaetres.

Let the height of the mast hemetres and the distances of the base of the mast 1
the sides of the roof be as shown in the diagram above.

Then
a+ P+ h =4
b> + & + h* = 1°
b+ d® + h* = 7
Hence

@++m)++d+m) -0+ +h) =16+49-1= 64
The left-hand side reducesad + d® + h? but this is also the expression #6r So
X = 64.
Hencex = 8 so the length of the remaining wire support is 8 metres.



A large board has 1000 + signs and 999 - signs written on it. Any two symbols
deleted provided they are replaced as follows:

* if the deleted symbols are the same, they are replaced by a +
« if the deleted symbols are different they are replaced by a -.

Repeat this process until there is only one symbol left. Which symbol is it and \

Solutions
If two + signs are replaced by one +, the number of — signs remains unchangec

If two — signs are replaced by one +, the number of — signs reduces by 2.

If a + sign and a — sign are replaced by one —, the number of — signs remains
unchanged.

So in whatever order the signs are deleted, the number of — signs must always
since we started with 999, an odd number.

So when there is only one sign left, it must be a — sign to make the number of -
odd.

(Whilst this solution is short, it is not easy to find!)



There are five beads on a metal ring, each with a number on. When the beads
numbered 1,2,3,4,5 consecutively round the ring, show that it is possible to writ
whole number from 1 to 15 as the total of the numbers on adjacent beads.
Now assume that you are allowed to number the beads yourself. Each bead m
labelled withany positive whole number, but the numbers do not have to be in
sequence and they do not have to form a set of five consecutive numbers. Whe
highest numbeN for which you can number the beads in such a way that you ce
write every whole number from 1 tdas the total of the numbers on adjacent bea

Solutions

Totals 1,2,3,4,5 are obtained using single beads. 6is5+ 1. 7is4 + 3. Theto
from 8 to 14 are the beads left behind when those required for totals 1 to 7 are
selected. 15 is all the beads.

There are 5 ways of selecting one bead.

There are 5 ways of selecting two adjacent beads.
There are 5 ways of selecting three adjacent beads.
There are 5 ways of selecting four adjacent beads.
There is one way of selecting all five beads.

Hence there are at most 21 different totals, and so the maximum possible total
five beads is 21.
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To obtain the total 1 there must be a bead numbered 1. There cannot be a sec

numbered 1, as then the total 1 could be obtained in 2 ways. Hence to obtain t
2 there must be a bead numbered 2.

(i) If beads 1 and 2 are separated, then to obtain the total 3 there must be be
numbered 3.

If bead 3 is placed between bead 1 and bead 2, then all totals up to 6 can be m
so the other two beads must be 7 and 8 to make the overall total 21. But this d
work: if bead 7 is next to bead 1 then total 8 can be obtained in two ways, and i
7 is next to bead 2 then total 9 can be obtainedas 7 + 2 or 8 + 1.

Try bead 3 next to bead 1 but not bead 2. This supplies total 4, so next a bead
numbered 5 is required, and also a bead numbered 10 to make the overall tota
these are arranged

135210
then total 6 cannot be obtained.
Try the arrangement

315210
Each single bead supplies atotal. 4is1+3. 6is5+1. 7is5+2. 8is1+5+4
1+ 3+ 5. The totals from 11 to 20 are the adjacent beads left when the totals :
are selected. Finally 21 is the total of all 5 beads.

This solves the problem: we have shown that 21 is the maximum possible total
that it is actually obtainable by finding an example solution.



However (for a bonus mark) we can continue and show that this example soluti
the only solution:

(i) If beads 1 and 2 are adjacent, the total 3is 1 + 2. So the next bead is nur
4, and the remaining two beads total 21-7 = 14: either 5 and 9 or 6 and 8.
4 is placed next to bead 1, then their total is 5, and so the remaining two b
must be numbered 6 and 8. But neither arrangement 4 1 2 8 6 (no 9) nor
8 (two 8s) work. If bead 4 is placed next to bead 2, then their total is 6, ar
hence the remaining two beads must be numbered 5 and 9. But neither
arrangement 12459 (no8) nor12495 (no 10) work. If bead 4 is plac
opposite beads 1 and 2 then the possible arrangementsare 1254 9 (no
45MN07),12648(two8s)and 12846 (no5). Again none of these wc

So the only possible arrangementis 315 2 10.



| have five regular tetrahedra that | use as dice. On each face of each tetrahedr
of the numbers 1, 2, 3 or 4 (where numbers may be repeated on faces of a sing
tetrahedron). No two tetrahedra use the same set of four numbers, and for eacl
tetrahedron the sum of the four numbers is 10.

| play a game with my friend using four of these dice. He picks up a die, then |
a die, and we both throw. Whoever has the higher face-down number wins, or i
be a draw.

You would expect that this game to be fair, since the total on each of the five di
10. However by carefully selecting which one of the five dice to leave out befor
start to play, | can ensure that, whichever die my friend chooses, | have a bette
of winning than he does. Which die must | leave out?

We then play the game with the remaining four dice (after leaving out the die se
in the previous paragraph). If my friend chooses the die with faces numbered 2z
4, which die will give me the highest probability of winning, and with what
probability?

Solutions
The possible dice are
1,1, 4,4 1, 2,3, 4 1,3,3,3; 2,2,2,4 2,2,3,3.

Placing the five dice at the corners of a pentagon, the triple (win left, draw, win

shows the number of ways that firstly the leftmost die at the line end can win, s
there is a draw, and thirdly the die at the rightmost line end can win. (The total i
always 16.)

1,2,3,4

1,333

8, 0, 8) (7,0,9)

(4,6,6) (6,2,8

2,2,2,4
2,2,3,3 6, 6, 4)

The fair die is 1, 2, 3, 4 which | should remove to leave myself with the advanta

When my friend chooses the die 2, 2, 2, 4, | should choose die 1, 3, 3, 3, giving
probability winning of 9/16.



S5, In the figure D is the midpoint of the a&C of a circle. The poirB is on the arc
betweenC andD, andE is the foot of the perpendicular frobto AB. Show that is
the midpoint of the path froA to C along the line segmen® andBC.

D

A

Alter native Solution

JoinDtoAand toC. As we know thabD is the midpoint of the ar&C it follows that
DC = DA
Now extend the chor@B and draw the perpendicular to it frdn Call this poinE’.

We now show thaBE = BE’ by proving that triangleBED andBE’D are congruen

We have
Z/DBE" = ZDAC {angles in alternate segments}
Z/DAC = /DCA {AADC is isosceles}
Z/DCA = ZDBA {both are subtended by the chowl}

So as/DBA s the same angle aDBE we have/DBE” = ZDBE. As
/ZBED = /BE'D(= 90), trianglesBED andBE'D are equiangular and B is
common they are congruent.

ThusBE = BE’.

We now note tha¥BCD and £ZBAD are subtended by the chdb so they are equ:
So as these angles are equal 288D = ZCE'D (= 90°) andDA = DC we have

proved that triangleBED andCE'D are congruent and henE = CE’. Therefore
CB + BE = CB + BE' = CE' = EA SoE is the midpoint of the path frofto C
along the line segmenfB andBC.



