2013-2014 Senior Solutions Round 2

S1.

PQRis any triangle. The sideQ is extended t& P
wherePQ = QS The poinU divides the sid®Rin

the ratio3 : 2. The poinfT is where the lineQRand

U cross.

QT

Find the ratio=—.
QR

Solution
ConstructSV parallel toQR to meetPR

%T R
=]
produced aV. (This is the tricky bit!) 2
X
From similar triangle®Sv andPQR, a
becaus®S = 2PQ,PV = 2PR So U
RV = 5x. 2X
Q R
T
/

Also SV = 20R

From similar trianglet) TRandU SV,
TR = 2SV = 2QR

ThereforeQT = QR - TR = QR S v
QT

ie.— =

QR

~ W

Alternative:

=]
Draw QW parallel toSU to meePR atW.
T wW . W

ThenQ— = —U from trianglexQRW, TRU . a

TR UR U

WU S 1 :
Also — = QS = — from trianglesQWP, SUP.

PU PS 2 Q R

-
a
S

HenceWU = iPU.

QT PU 3 QT
So=— = —— = - and thereforee= = -.
TR 2UR 4 OR 7



S2.

Dots are arranged in a rectangular grid with 4 rowsnecwlumns. Consider different ways
colouring the dots, in which each dot either red or blue. A colouring is ‘good’ if no four (
the same colour form a rectangle with horizontal and vertical sides.

Find the maximum value @ffor which there is a good colouring.

Solution

First note that a grid with a repeated column has four dots of the same colour at the cor
rectangle.

Consider a grid with only 3 rows. Then the only possible columns are
rrbbbrrb
rbrbrbrb
rbbrrrbb

The middle 6 columns form the largest good colouring.

Adding an extra row can never turn a bad colouring good, and so a good grid with 4 rov
have at most 6 columns.

rbbbrr
brbrbr
bbrrrb
rrrbbb
This example with 4 rows shows that a good grid with 6 columns is possible.

Hence 6 is the maximum valuerofor which there is a good colouring.

S3

A triangle has sides of length 4, 7 and 9 units. Find the length of the longest nikaian.
your reasoning.

Solution

The longest median bisects the shortest side. Let it have keagthmake angle (andz — a)
with the shortest side.

Then using the cosine rule on the two small triangles
7 =%+ 2 - 2 x 2xcosa
9 = x>+ 22— 2 x 2xcos(w — a)

= x>+ 2> + 2 x 2x cosa

Adding
49+ 81 =130=2¢ +2x 4
x* = 65- 4 = 61
So the length of the longest median/&L



i 900 metres

<1200 metres >

Two straight sections of a road, each running from east to west, and located as shown,
joined smoothly by a new roadway consisting of arcs of two circles of equal radius. Th
existing roads are to be tangents at the joins and the arcs themselves are to have a co
tangent where they me€find the length of the radius of these arcs.

Solution

X
r 900 metres
X .
— 1200 metres———
COSX = —900 = §
1500 5
15001 375
COSX = —— — = —
4 r

r =375xg= 125 x 5 = 625

i.e. the radius of the circles is 625 metres



Let
foo=x"+ax"""+ ... +a,

whereay, a,, ... , &, are given numbers. It is given tligk) can be written in the form

f(X) = (X + ko) (X + ko) ... (X + k).
By considering (0), or otherwise, show th&tk,... k, = a,.
Show also that

ki + Do+ 1)...(ky+1) =1+a +a + ... +a,

and give the corresponding result for — 1)(k, — 1)... (k, — 1).
Hence, find the roots of the equation

x* + 22 + 172¢ + 55X + 576 = 0,
given that they are all integers.

Solution

f(0) = kiky... k, = a,

f() =(1T+k)(T+ky)...(1+ky)=1+a+a+ .. +a,
Hence

ki + Do+ 1)...(kn+1) =1+a +a + ... +a,
f(-1) = (-1 + k) (-1 + ky)... (-1 + ky)
= (-1"+ ()" ta; + (-D)" @ + ... + &
Hence
(ki —1)(kp —1)... (kn - 1) = D"[1-a;+a - ... +(-D"a)

The roots of the equatidr(x) = Oarex = —Kky, =Ko, ..., =Ky

The roots of the given equation are all negative, becausexvkef the LHS is 576, and it
increases asincreases.

The product of the foug values for the LHS of this equation5g6 = 2° x 3?

The productk; —1)(k, — 1)... (ky— 1) = (-1)*[1 - 22+ 172- 552+ 576] = 175- ¥ x 7
making it possible that the four valueskpf- 1 are 1,5, 5, 7.

This would mean that the 4 valuespfvere 2, 6, 6, 8, which fits with product of 576 four
earlier.

Sincef (1) = (1 + 2)(1 + 6)(1+ 6)(1 + 8) = 1323andf (-2) = (2 - 2) x... = 0 the function he
the required values at four different values ahd hence will have the same values
everywhere, in particular the same zeroes.

Thus we have the correct values for khe

The roots of the given equation are therefe2e—6, —6, —8.



