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2012-2013 Senior Set 2 solutions

Show that the maximum range of an aeroplane is extended by a fattehef there i
a second identical support plane which sets off at the same time to provide in-air
refuelling. The support plane must return safely to the starting point.

Now consider the situation where there are two identical support planes which ce
(instantaneously) refuel each other or the original plane as required. The suppor
set off at the same time as the original plane and both must return safely to the ¢
point. By how much can the maximum range of the plane be extended?

Solution 1

Both planes flys of their maximum range, usirigof their fuel capacity, and then the
support plane transfe¢sof its fuel capacity to the first plane. The support plane us
the remaining of its fuel capacity to return safely to base and the first plane is full
fuel. Thus the range of the first plane has been extendgd by
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All three planes fly} of their maximum range, and then one support plane refuels ¢
of the others with of its fuel capacity, leaving itself withto fly home and each of th
other planes full to capacity. The two remaining planes fly angtbitheir maximum
range before the second support plane tranjfefr&s fuel capacity to the long distan
plane, leaving itself with of its fuel capacity with which to return safely and the lor
distance plane full of fuel. Thus the range of the first plane has been exterided b
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Solution 2
Let the original range of the plane be

With two planes, let the support planeXlput andx back, and let the main plane Ry
out and then a furthgr The total distances flown by the two planes mugrbso

X +y = 2r.
To maximisex + Yy subject to this constraint we must maias large as possible. To

this, let the second plane be full after refuelling, soythat r. This makex = ir, so
the extension is + y — r = 4r, or} of the original range.

With three planes, let the first support planexflyut, theny out, thep + x back, and
let the main plane flx out, theny out, thenout. As beforéx + 3y + z = 3r. To
maximisex + y + z subject to this contraint we must maximnzseo we make = r,
and we must then maximigesox + 3y + z = 2r (that is, the second support plane
and the main plane are both full after the first refuelling). This makesy = 1r, so
the extension ig + y + z — r = 3r, or} of the original range.



In the diagram anglERQ is a right angle anBSand<R P
are both length 1 cQRiis length 2cm. Find the exact
value oftané. 1
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Solution

Let us denote’PQR by a andZSQR by b.
TrianglePQRis isosceles, and sOPQR = 45,

tana = 1
From the diagram
tanb = E
2
tand = tan(a — b)
tana — tanb
" 1 + tana x tanb
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Four apparently identical small objects have weighits c andd such that

a<b<c<d.
It is also known that

and

c < §d.
4

Using only a balance, show how it is possible to pick out the heaviest object i
weighings.

Solution

The first weighing must involve 2 objects in each pan. Clearly
a+b<c+d

and

a+c<b+d

How doesa + drelate tdb + ¢? Try some values that nearly satisfy the condit
a=2b=3c=3d=4
aandd must both weigh a little more than the values here, making
a+d>Db+c

Can we prove this in general?
2 4 2 1 2 1
a+d> §b+§c= §b+(§c+c)> §b+§b+c= b+c
Thus the pan containing objetwill always be the heavier.

The second weighing puts these two objects in separate pans, and the heavit
weightd.

| was reading a novel aimed at children and noticed that exactly half of the page
numbers began with ‘1’. Work out the number of pages in the novel.

Solution

We would expect a children’s novel to have between 100 and 1000 pages (even
Potter does not exceed 1000).

99 pages would include 11 with initial 1 (1 itself and then10-19).
100 pages would include 12 and so on up to 199.

The number of initial 1s is 88 less than the number of pages, so the first possible
Is2 x 8 = 176pages

After 199, the number of initial 1s stays constant 111 (11 plus 100-199) so the s
possible answer B x 111 = 222pages



Instructions for drawing this diagram are as follows:

Split the diameter of the large circle into two parts. On one part,
draw a second circle with that part as diameter. On the other part,
draw an isosceles triangle with that part as base and the other
vertex on the circumference of the large circle. Now draw a thir
circle so that it touches the other two circles and the triangle, as
shown in the diagram.

Show that the centre of the third circle must lie on the line
perpendicular to the diameter of the large circle and meeting this
diameter at the point where the second circle and triangle touch.




Solution

[The diagram shows the case where the diameter of the smaller circle is greater 1
radius of the large circle. In the other case a similar argument to that given below
with an altered diagram.]

]

In the figure with additional letters as shddig the centre of the largest circle ahthe
centre of the middle-sized circle) |BD| = Rand|AO| = r. We must show that ther
is a pointP on the line througl® perpendicular té&D satisfying the equations

IPA -1 = R-|PB| = [PQ, (1)
whereQ is the foot of the perpendicular frofto OE. To do this, lefOP| = z we can
then work out the three quantiti@®\ — r, R — |PB| and|PQ| as follows.

Since|AO| = r, applying Pythagoras' theorem to the triari¥ gives

PA —r = JJAOP + [OP? = r = W2 + 2 —r. (2

Since|BD| = Rand|OD| = 2R - 2r, it follows thatBO| = |R — 2r|. Applying
Pythagoras' theorem to the trianBleP gives

R-|PB = R-/|BO + |OP? = R- \(R-2r2 + 22 (3

From the similar triangleBOQ andOEC one sees that
_locllorl  (R-n)z
PRl = o = o
Since|BC| = |BD| - |CD| = R - (R - r) = r, applying Pythagoras' theorem@&E
andBCE shows that
[EO| = JlOCP + |CEP = JlOC]? + [BEP - IBC]? = R - 1z + R — r2,
hence

|PQ|— (R-nz - R-nz  R-
CJR-n2+R-r2 J2RR-1 | 2R

Because of (2)-(4), to find a poiRtsatisfying (1) it suffices to fine a numbzsuch that

ViZ+ Z-r1r =R-JR-2r2+2 = R-T,

4

2R

Solve these equations to show that there is a solution given by
2r\2R(R - 1)
R+ r

Hence the centré of the smallest circle does lie on theR® which is perpendicular t
the diameter of the largest circle, as required.



