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2010 Senior Set 2 solutions

The shape of a fifty-pence piece is based on a regular heptagor
which is a 7-sided polygon. The distance between each vertex :
each of its two ‘nearly opposite’ vertices is 1 unit. The perimete
of the coin is formed by circular arcs of radius 1 unit which are
centred on each vertex, and join the two nearly opposite vertice '

Find the length of the perimeter of the coin. R

Solution

The arc between two neighbouring vertices subtends an angle 860 at the centre
of the circumscribing circle.

The inscribed angle is half of the central angle (the angle at the centre of a circle
the angle at the circumference), so the arc between two neighbouring vertices st
an angle ok x 180 at the opposite vertex.

Thus the arc length between a neighbouring pair of vertices is
I x circumference of a circle of radids= 3 x (27 x %) = In.

There are 7 arcs, so the total perimetér is 37 = .
The perimeter of the coin is

B
A rabbit's burrow is af and he knows that
there are carrots in a garderBaacross a3om
road, which is 10m wide. The burrow is
20m from the nearer edge of the road and
the carrots are 30m beyond the other edge ;
as shown in the diagram. The straight line ' 20m
distance fromA to B is 80m. ;
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The rabbit is wary of crossing the road and knows from past experience that he mu
cross directly across the road, not askew. What is the length of the shortest possibl
route for the rabbit from the burrow to the carrots?

Solution

Since the rabbit always crosses straight across the road, any route he takes will be
plus the distance frolito a point on one edge of the road plus the distance from the
opposite point on the road B But this amounts to removing the road and considerin
the shortest distance then frénto B, which is, of course, a straight line.

To obtain this we use Pythagoras theorem. On the original diagram, it is 80rA foom
B. So the ‘horizontal’ distance betweAmndB is \/8(® — 60?.

With the road ‘removed’, the new distance betwaemdB is

/5 + (8C% — 60?) = 1053 metres.

So the shortest distance the rabbit has to travdl is 10n/53 metres.




One disc of 20 cm diameter and one of 10 cm diameter are cut from a disc of ply
of diameter 30 cm. What is the diameter of the largest disc that can be cut from t
wood that remains? (Ignore the thickness of the saw cut.)

Solution

Let A be the centre of the disc of radius 10 cm.B.bt the centre of the disc of radiu
5 cm. LetO be the centre of the disc of radius 15 cm.C.é&ke the centre of the disc t
be determined and let its radiusXem. Note thatOC extended to the point of tangel
P of the disc centr® and the outer disc is a radius of the large disc.

We then havédC = 10 + x,BC = 5
AO = 15- 10 = 5andOB = 15 -
So, from triangleAOC we have

(10 + x> = (15 - x> + 5 — 2(15 - X) x 5c0sZAOC
5+ x° = (15 - x> + 10° - 2(15 - Xx) x 10 cosZBOC

Since/BOC + ZAOC = 180, cos/BOC = - cosZAOC, so we add twice the firs
equation to the second to get:

2(10 + X* + (5 + x> = 3(15 - x° + 50 + 100
200 + 40k + 2¢ + 25+ 10x + X = 675- 90X + 3¢ + 150
Solving givesl4x = 600so the disc has diameteé® cm.

+ X,0C = 15 - x. Also,
5 = 10.



Calculate
67
667
6667

66667

Find the value of the square of the number consisting of one million sixes, follow
one seven. Justify your answer.

Solution
67 = 4489

667 = 44889
6667 = 44448889

66667 = 4444488889

This suggests that f@66... 672, where there arl sixes, the answer will be a numb
containingN + 1 fours,N eights and a single nine.

Now
666...67=666...66+1=§ 999...99)\+ 1
N N 9 N
=%Ud“1—ﬂ+1
2 1
=21V 2
3 3
Hence
2 2 12 4 4 1
666... 67) = (—1d“+l —) = 10V"?% 4+ 21Vt 4+ =
(e—jr—a) 3 T3 T "9 "9
4 4 1
= —(999..994—1)+-—(999..994-1)+ =
9 2N+ 2 9 TN L 9
= 444...44+£'+444...44+ ﬂ+}
2N + 2 9 N+1 9 9

= 444.. 44888.. 88 + 1

N+1 N+1

= 444 .. 44888.. 89

So value of the square of the number consisting of one million sixes, followed by
seven is the number which starts with 1 000 001 fours, then 1 000 000 eights an
a nine.




In a wood there are more than 100 trees and all the trees have leaves on them. ~
number of trees in the wood is more than double the number of leaves on any or
the wood. Identify which of the following statements must be true:

« at least two trees have the same number of leaves on them;
+ at least three trees have the same number of leaves on them;
» at least four trees have the same number of leaves on them.

Explain your answer in each case.

Solution
Let the maximum number of leaves on any tremlaad the number of trees in the
wood ben. So2m < n.

1. True. The number of leaves a tree can have is 1,2,8). So if all the trees ha
a different number of leaves there could be at mdstes.

2. True. For each number of leaves, if there were just two trees with that nui
leaves, there could be at m@st trees. Sinc8m < n this is false so there mu
be at least three trees with the same number of leaves.

3. Not necessarily true. It suffices to give an examplenLet 120andm = 50.
There could be 30 pairs of trees having 1,2,3,...,30 leaves on them and 2(
of trees having 31,32,33,....,50 leaves on them. This gives 120 trees, non
more than 50 leaves and no four trees have the same number of leaves.



