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2010 Senior Set 1 solutions

Katie had a collection of red, green and blue beads. She noticed that the number
of each colour was a prime number and that the numbers were all different. She
observed that if she multiplied the number of red beads by the total number of re
green beads she obtained a number exactly 120 greater than the number of blue
How many beads of each colour did she have?

Solution

Suppose Katie hadred beadsy green beads arublue beads. Then

rar +g) = 120+ b.
If b = 2, then the right-hand side 122 = 2 x 61and sa = 2. But the numbers o
beads are all different. $omust be an odd prime.
This means that the right-hand side is odd. Thusatidr + g must be odd, sg
must be even and prime.
Sog = 2 and the equation become&s+ 2r = 120 + b.
Henceb = r? + 2r — 120 = (r — 10)(r + 12).8/5/16
Sincebis primeyr — 10 = 1sor = 11andb = 23
Thus Katie had 11 red beads, 2 green beads and 23 blue beads.



Ant and Dec had a race up a hill and back down by the same route. It was 3 mile
the start to the top of the hill. Ant got there first but was so exhausted that he ha
for 15 minutes. While he was resting, Dec arrived and went straight back down
Ant eventually passed Dec on the way down just half a mile before the finish.

Both ran at a steady speed uphill and downhill and, for both of them, their downt
speed was one and a half times faster than their uphill speed. Ant had bet Dec ti
would beat him by at least a minute.

Did Ant win his bet?
Explain your answer.

Solution
Let Ant’s uphill speed ba mph and Dec’s be mph.

Suppose that Ant had been restingdiours when Dec arrived (whexes between 0
andz). Then, calculating their times to the top of the hill and then until Ant passet
on the way down we have:

Time going up

and the time going down

So rearranging each of these:
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Dec’s time for the whole race minus Ant’s time for the whole race =
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So Ant did beat Dec by more than a minute and won his bet.



Two numbers contain the same digits in a different order. Explain why the diffe
between the numbers is always a multiple of 9.

Solution
Let the original number bid where
N=a x10"+a, ; x 1007+ ... +a x 10 + a.
Then the second number with digits in a different oldérwill be
N = a, x 10"+ a,_; x 10" "+ ... +a x 10" + a5 x 10°
whereig, iy, ..., I, IS a rearrangement of the digits 1, ..., n.
If we subtract to giv&l — N’ and then consider the term in, say their difference i

a (10 - 10) if 10 > 10,
a (10" - 10) if 10' > 10.
Extracting the lower power of 10 from the bracket gives an expression of the fi
ad10° (107 — 1), for somep andaq.
For allg, 107 - 1 is divisible by 9.
This is true for al] and so,N — N’ is always a multiple of 9.



Let ABC be an acute-angled triangle with sides of lengths ¢ and areX. Show tha
the radius of the circle through B andC is a4_x.

Solutions
Method 1
Using convential notation we |18B = c, etc. B
From a standard result, we can say
X = labsin«C.
SinceAO = OB, AAOB is isosceles and as
AY = YB, QY is perpendicular t&Band
ZAOB = 2x°. But, considering the cho#B, A
ZAOB = 2/ACBthereforex° = ZC. So from
AAOY
1
sinC = sinx® = L _ <
r 2r C
abc abc abc
hence X = —— = — =1 = —.
2 2r ar 4X
Method 2
Using convential notation we 1B = c, etc. B
From a standard result, we can say
X = }absin«C.
Now draw in the diameteXD. We therefore have D
two results which are usefukD = ZC since
they are angles in the same segment; and,
ZABD = 9( as it is the angle in a semi-circle.
These give
sinZC = sinZD = 3,
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Method 3

Using convential notation we |18B = c, etc.
From a standard result, we can say
X = }absin«C.
We now quote the full result of the well-known Sine Rule:
a b c

= = = 2r
sinA sinB sinC
) c
= sihZC = —
2r
hence X=ab£=@:>r=%



John said “I am told that there is only one number between 2 and 200 000 000 O
which is a perfect square, a perfect cube and also a perfect fifth power. | am sur:
must be more than one, but | have looked at all the numbers up to 100 000 and
found any! | am getting fed up doing this.”

Was the information John given corredEXplain your answer.

Solution

Consider the integels B, C,D andE. Supposé = B?> = C3® = D°

Now C? dividesC® = B? and scC dividesB .

(B/C® = B/C® = A3/A2 = A SoA = D° = ES.

Now E® dividesE® = D° sothaE divide3.

(D/IEY® = DO/ES0 = AS/A° = A

SoAis an exact 30th power. Na&3% > 2 x 10*and2® = 1073741824so this
must be the required number and there is only one.



