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2008-2009 Senior Division Set 2 Solutions

In the hexagon shown, all edges are
tangent to the circle. If their lengths are
1, 2, 3, 4 and 5 as illustrated, what is the
length of the remaining edge?

Solution
From each vertex of the hexagon, the two tangents have the same length. Each edge is r
two such tangent lines.

Introduce letteré\, B, C, D, E, F for the hexagon anld Q, R S T, U for the points of contact
Also, letAP = x.

So
AU = Xx = UF =1-x=FT
= TE =1+ x=ES
= D =2-x=DR
= RC =2+x=CQ
= QB =3-Xx=BP
Therefore

AB =AP+PB=x+(@3-x =3
Thus the length of the remaining edge is 3.



An unusual team marathon is being held. Each team has two members who run and cycle

course which is 42 km long. The rules are:

1. Each team starts together at the start line.

2. Each team is allowed only one bike and only one team member may ride the bike at ar

(This usually means that one member cycles at the start, puts the bike down at some p

then runs to the finish line. The other team member starts by running. When he or she

the bike, they pick it up and cycle to the finish line).

Both team members have to cross the finish line.

4. The time recorded for a team is the time for the second member to cross the finish line ¢
time of both members if they cross the finish line together. (This means that teams shou
out before the race starts exactly where they should leave the bike to give the fastest re:
time).

w

Team Member 1 Running Cycling Member 2 Running Cycling

A Zak 12 28 Sandra 12 28
B Archie 16 35 Kirsty 10 15
C Liam 14 25 Niamh 10 35

The table shows the steady running and cycling speeds, all in km/hr, for the three teams. [
for each team, their best possible time for the race.

Solution

Team A. Since both team members run and cycle at the same speed, they should each cc
%iftance by running half the distance and cycling half the distance. So time taken will be
1—2+ 2_8 = Z+ Z = 2.5hours.

Team B. Since Archie’s running and cycling speeds are both faster than both of Kirsty’s sp

Kirsty should cover the whole distance cycling and will be the second team member over t

line. So time recorded will b%é = 1—54 = 2.8 hours.

Team C. The point where the bike will be dropped will be chosen such that the two membe
the line together for the shortest recorded time. Suppose the bike is leftlafteket Liam run

first. Then he will take~ + 42 - X hours and Niamh will take- + 42 - X
14 25 35

to equate these two which gives
35 x 10(25x + 14(42 — x)) = 14 x 25(10x + 35(42 — X)).
42 — 1 x 49

. . 49 . .49
Solving this we get = > So the time taken 12 + >0 = 2.45hours.

hours. So we war




Every polyhedron satisfies Euler’s formula. This states thatjsfthe number of vertices of the
polyhedron E the number of edges afdhe number of faces, théh— E + F = 2.

A rhombic triacontahedron is a semi-regular polyhedron which has 30 congruent faces whic
rhombuses and two types of vertices. At vertices of Type 1, three rhombuses meet and thi
there are all obtuse; at vertices of Type 2, five rhombuses meet and the angles are all acu
Euler’'s formula to help determine how many edges there are and how many vertices of e
A new semi-regular polyhedron is formed by suitably truncating all the vertices of Type 2 ¢
rhombic triacontahedron described above. In this case all the vertices have the same nun
edges meeting at them but there are two Types of faces. Describe this new polyhedron, g
Types of faces, how many of each type there are and how many edges and vertices.

Solution

Each edge of the triacontahedron has a face on either side and each face has 4 edges. S
case2E = 4F. Thus there are 60 edges. Metbe the number of vertices of Type 1 afdhe
number of Type 2. By Euler’'s formul@y; + V,) = 32. At each vertex of Type 1, three faces
meet and at each vertex of Type 2, five faces meet. Since each face has four vertices that
that3V; + 5V, = 4F = 120 Substitute/, = 32 — V,to get3V; + 5(32-V;) = 120. So

2V, = 40. SoV; = 20andVv, = 12

For the second polyhedron, there is a new face for each vertex of Type 2 and still the sam
of old faces. Thus there are 42 faces in all. The new faces are all pentagons and the old fe
now hexagons as they come from rhombuses with two opposite corners, with acute angle:
Thus there are 12 pentagons and 30 hexagons. Each of the pentagons contributes 5 new
but 12 vertices have been lost. So there2@re 60 = 80 vertices. Each vertex has three edg
coming from it and each edge has two vertices. So three times the number of vertices is tv
number of edges. So there are 120 edges.

Note that Euler’s formula still holds sin8@ — 120 + 42 = 2. Alternatively this formula coulc
have been used to determine the number of edges.



Consider a rectangular grid of points withows andc columns. The distances between rows ¢
between columns are exactly the same, and can be taken as one unit.

(@)

(b)

(€)

Show that the area of the complete grid of points can be determinedBrem - 1 where
E is the number of points on the sides of the gridlasdhe number of points within the
grid.

Now connect two opposite corner points of the rectangle, and consider one of the twc
angled triangular regions. Show that exactly the same result holds for the area of one
triangular regions, i.e. the area of the triangle is givejBby | — 1 whereE is the numbe
of points on the sides of the triangle dnd the number of points within the triangle.
Finally consider the triangular region formed when the two end points on one side of
rectangular grid are connected to one of the interior points of the opposite side. Agair
that the area of the triangle is giveni#/ + | — 1 whereE is the number of points on the
sides of the triangle arids the number of points within the triangle.

Solution

(@)

(b)

(€)

The area of the rectangle(is— 1)(c — 1).

The total number of points on the edges of the rectandie #s:2c + 2(r — 2) and the
number of points within the rectanglelis= (r — 2)(c — 2).

HenceldE + | -1 =c+ (-2 +(r-2(c -2 -1=(r - 1)(c- 1) whichis
the area of the rectangular region.

Let the areas of the two trianglesfheandT, soT; = T,. They also have the same numl
of points on their side€( = E,) and the same number of internal poimis<(1,). Further the
sum of their areas, or twice the area of one triangle, is the area of the rectangular reg
T, + T, = 2T; = 3Eg + Ir — 1 where the subscrifRindicates points for the complete
rectangle.

Now let the number of points, excluding the end points, on the diagonal which is com
the two triangles, bd. Then equating numbers of points in the triangles and the rectatr
we get:

(interior points)lg = 11 + |, + d;

(edge points)Eg + 2d + 2 = E; + E,.

Hence2T, = JEg+ Ig-1=3(E;+E))-d -1+ 1, +1,+d-1=E; + 2, - 2and

T, = 3E; + 1, — 1, as required.

The rectangular grid is divided into 3 trianglagthe required trianglep andC. TrianglesB
andC, which border, are right-angled, so their areas are givelidy 3Eg + Iz — 1 and
Tc = 3Ec + Ic — 1, respectively. Equating the area of the rectangle with the sum of 1
areas of the triangles givelEg + Ig— 1= Ta+ T+ Te.

Letdg anddc be the numbers of interior points (so not on the edges of the rectangle) \
are on the sides @& common tdB andC, respectively. Equating interior and edge points
in part(b)) gives:

(interior points)lg = lpn + Ig + Ic + dg + dc;

(edge points)Eg + 2(dg + dc) + 4 = Ex + Eg + Ec.

HenceTy + Tg + Tc = sEg + Ig = 1

= 1(Ea+Eg+Ec-2(dg+dc) —4) +la+lg+lc+dg+dc -1
=dEra+Ila-1+3Eg+1g—-1+3iEc+1c-1

= 1Ern+ Ia— 1+ Tg + Tg,s0Ta = 1Es + 1o — 1 as required.



In a Fantasy Football League, at a certain stage in the season, Hearts had lost some gam
won 8 games and drawn 9. Having played exactly the same number of games, Aberdeen |
average of 1.07 points per game. Which team was ahead at this stage? In this year, each
playing a total of 36 league games in a season, there are 3 points for a win and 1 for a dra
average number of points scored by Aberdeen is given correct to two decimal places.

Solution

Hearts had scored 33 points.

Now 33/1.07 is approximately 30.8.

Thus if the number of games played was less than 31, the average number of points per g
achieved by Hearts would be greater tB8h30 = 1.1 > 1.07, and so they would be ahead.
Thus if Aberdeen were to be ahead, they must have played at least 31 games and the nun
points scored divided by the number of games played must round off to 1.07.

Checking the fractions giveéd3/31 = 1.06, 34/ 31 = 1.10. Thus(n + 2)/n > 1.06for

n > 31 Also check39/36 = 1.08so thath + 3)/n > 1.08forn < 36. Thus no fractions wi
denominator between 36 and 31 rounds off to 1.07 and so Hearts must be ahead.



