2007 Senior Set 1 solutions

S1. Three large pancakes, as shown, each of the
same thickness are to be shared equally amo
four people. The diameters of the pancakes
form a Pythagorean triple. Without
measuring, show how to cut the pancakes to
make a total of just five pieces so that each

person can get the same amount.
Explain your reasoning.

Solution

If the diameters ara b, cthena® = b? + 2. Since the pancakes are all of the same thick
the amount of pancake is proportional to its area. The areas of the pancgkeg, 4reb?,
17¢? so the total area isra’. So cutting the largest pancake in half gives two of the four e
portions. Now place the smallest pancake over the middle one and cut off half of the pc
between the two pancakes. That has &féab? — 17c?). That part together with smallest
circle then has total arédizb® + nc?) = §ma?. Also the part that remains on the middle
circle has the same area so we get four equal portions.
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S2. InTiffany’s, a world famous jewellery store, there is a string necklace of 33 pearl
middle one is the largest and most valuable. The pearls are arranged so that stal
one end, each pearl is worth $100 more than the preceding one, up to the middl
and starting from the other end, each pearl is worth $150 more than the precedir
up to the middle one. If the total value of the necklace is $65,000 what is the valt
largest pearl?

Solution

Let Imbe the value of the first pearl at one end amth$® value of the pearl at the other enc
So, counting from one end, the value of the middle pearl4s16 x 100. Counting from the
other end, the value of the middle peartis 16 x 150,

Thusm + 16 x 100 = n + 16 x 150som = n + 800

The total value of the necklace is the value of the middle pearl plus the other pearls whos
m+ (Mm+ 100 + (m+ 2 x 100 +... +(m + 15 x 100
+Nn+ (n+ 150 + (n + 2 x 150) +... +(n + 15 x 150
= 16(m+ n) + (100 + 150)(1 + 2 + 3 +... +15 = 16(m + n) + 30000
So the total value of the necklacel&m+ n) + 30000+ m+ 160Q Eliminatingmwe get

16(2n+ 800 + 30000+ n + 800+ 1600= 65000
Solving this equation fan we get33n + 45200 = 65000which givesn = 600,
Thus the value of the largest pea@0 + 16 x 150 = 3000



S3. Find the ten-digit number which uses each of the digits 0 to 9 such that the numt
formed

by the first digits is divisible by 1,

by the first two digits is divisible by 2,
by the first three digits is divisible by 3,
by the first four digits is divisible by 4,
by the first five digits is divisible by 5,
by the first six digits is divisible by 6,

by the first seven digits is divisible by 7,
by the first eight digits is divisible by 8,
by the first nine digits is divisible by 9,
by the first ten digits is divisible by 10.

Solution

Denote the number gbcdefghij. Since it is divisible by 10, clearjy= 0.

Also sinceabcde is divisible by 5, thee = 5. Sinceab, abcd, abcdef , abcdef gh are all
divisible by 2, therb, d, f, h must all be even numbers. Thus in some oflget, f, h are the
digits 2,4,6,8 and, also in some ordgrg, g, i are the digits 1, 3, 7, 9.

Recall that a number is divisible by 3 if and only if the sum of its digits is divisible by 3.
sinceabcdef ghi is divisible by 3 an@bcdef is also divisible by 3, it follows that + h + i is
divisible by 3. In the same way,+ e + f will be divisible by 3 and alsa + b + c will be
divisible by 3.

Nowabcd = ab x 100 + cd is divisible by 4 and since 100 is divisible by 4, tedrmust be
divisible by 4. In a similar way, sindds evenabcdefgh = (an even number100 + gh. But
200 is divisible by 8, it follows thagh is divisible by 8.

To summarize this, we need to findd, f, h among the numbers 2, 4, 6, 8 apa, g, i amonc
the numbers 1, 3, 7, 9 such that the following conditions hold.

1. ghisdivisible by 8.
2. g+ h + iisdivisible by 3.
3. cdisdivisible by 4.
4. d + 5+ fisdivisible by 3.
5. abcdefgis divisible by 7.
First find the possibilities which satisfy 1. and 2. These are :

g 3 7 7 9 3
h 2 2 2 6 2
[ 7 3 9 3 1
A B C D E
For each of these find solutions to 3. and 4. and finally check 5.
A c 1 9
d 6 6 These yield 9816543270 and 1896543270, both of which fali
f 4 4
B c 1 9
d 6 6 These yield 9816547230 and 1896547230, both of which fai
f 4 4



d 6 6 These yield 3816547290 which does satisfy 5. ar
f 4 4 1836547290 which does not.
D. C 1 7
d 2 2
f 8 8

E. c 7 9
d 6 6 These yield 9876543210 and 7896543210 both of which fa
f 4 4

It is now easy to check that 3816547290 satisfies all the conditions.

4. A farmer owns three square fields of aréaB, C which are located
as shown in the diagram. A

He then buys the four triangular plots of land shown so that he ca
put a fence with six straight edges round his property.
Show that the area of each of the triangular plots of land is the sa € B

Further, ifAis 26 acres3is 20 acres an@ is 18 acres, find the total
area included inside the farmer’s fence.

Solution

Let the side of squarehave lengtta, B have lengttb P Q
andC have lengtlt.

Area of any triangle i$ base x altitude. A

Area of triangleXYZ = 1absin/Y = ibcsin/Z

= ica sin«X. X a4 Y
Area of triangleQYR = 1absin(180° - £Y) c b

= %ab sin ZXYZ. U ¢ \Z

Area of triangleSZT = ibcsin(180° - £2) T B

= ibc sinZYZX. R
Area of triangldJ XP = 3casin(180° — £X) s

= 1lca sinZzXYy.

So all four triangles have the same area. « o v
Consider triangl&XYZ.

XY = aYZ = b,ZX = ¢c. LetOZ = handOY = X

so thatOX = a — x. Then from the two right-angled 2

triangles we havl? + X2 = b andh? + (a — x)*> = ¢
a2+’ -

Subtracting gives? — 2ax = ¢ — b%. Sox >

22 (a2, k2 ~2\2
andh? = b? — @ = 2P (e +b" - &) .
422
Area of triangleXYZ = }ah = }./4a2b? — (& + b? — )2
For the figures given this gives, in acrbg4 x 26 x 20 — (26 + 20 — 18 = 9. So total
area is 100 acres.
[They probably don’t know about acres, but notice that you do not need to].




S5.  You are given three positive whole numbers whose sivh isyou subtracgM from
the first one, add 2 to the second one and multiply the third by 2, you get the san
three numbers back again. Work out all possible values for the three numbers.

Solution
(There are two possible solutions to this).

Let the numbersba b, c. Soa + b+ ¢ = M. The se{a, b, c} is the same as the set
{a-~iM,b+2 2c}.Soa+b+c=a-3iM+b+ 2+ 2 Thisgivex = IM - 2. So
eithera = 2corb = 2c.

Case la = 2c
Soa = 4M - 4anda+ c =M - 6.Sob = 6andb + 2 = ¢ = 8 Thusa = 16. The
sum of the three numbers is then 30and 10 = b,b + 2 = ¢,2¢c = a.

Case 2:b = 2c
Soasabova = 6andb + 2 = a. Thusb = 4andc = 2. The sum of the three number:
12anda -4 =c,b+ 2 = a,2c = b.

So(a, b, ¢) is either (16,6,8) or (6,4,2).



