M1.

Solution 1
In the diagram, exten@P to meetRSatA. SinceAT
is perpendicular t&S

ZPA = 180 - 90° - 26° = 64°.

N
Label pointav andN. SinceZTPN andZMPA are X°
vertically opposite angles, they are equal, so

Since/SPA = 2xX° = 64°,x = 32.
Thus, the angla° is 32°.

Solution 2
In the diagram, draw the lirfldJ parallel toRS
ZSPU = /RSP = 26° (alternate angles)

As PT is perpendicular t&Sit is also perpendicular

toPU soZTPU = 90°. X°

Thus, at the poir?, we have
X° + 90° + 26° + x° = 180 P
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A beam of light shines from poi reflects off T
a reflector at poinP, and reaches poiiit so that
PT is perpendicular t&SandZRSP = 26° as
shown below. Find anghe.

¢

26°]

ZMPA = Xx°. P

2x° =180 - 90° — 26° = 64°.

26]

Thus, the angle° is 32°. R
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M?2. Emma started with a rectangle of paper. With one straight cut she divided it into a rectangle ¢
square. She took the rectangle and with one straight cut divided it into a rectangle and a squ:
which was smaller than the previous one. She kept repeating this process until eventually the
rectangle was a square with sides 1 centimetre and she was left with a pile of squares of pape
average area of the squares was a two digit number of square centimetres.

What were the dimensions of the original rectangle?

Solution

This solution reverses the dissection until the dimensions of the original paper are found.

Start with the two 1 cm squares (P) and put them together to make a rectangle with longer sic
Add a 2 cm square (Q) to make the next rectangle with longer side 3 cm.

Add a 3 cm square (R) to make the next rectangle with longer side 5 cm.
Add a 5 cm square (S) to make the next rectangle with longer side 8 cm and so on.

P

P

Now analyse the dimensions. (Note that the sides of each square form a Fibonacci sequence
each term is the sum of the previous two terms.)

square area of total number average
side largest area of squares area
square
1 1 1 1 1
1 1 2 2 1
2 4 6 3 2
3 9 15 4 not an integer
5 25 40 5 8
8 64 104 6 not an integer
13 169 273 7 39
21 441 714 8 not an integer
34 1156 1860 9 over 100

So the original piece of paper was 21 cm by 13 cm.



M 3. A party of 30 villagers decided to hire a bus to take them to a show in the city. The tickets for 1
show cost 50p for children, £2.50 for pensioners and £5 for others. The number of “others” att
was more than the number of children but less than twice the number of children. There were
children than pensioners on the bus.

The total cost of the tickets was £100. How many children and how many pensioners attendet
show?

Solution
Let the numbers of children, pensioners and adults panda respectively. Then

c+p+a= 30 Cc <acx 2c, p<ec

Also, from the ticket money).5c + 2.5p + 5a = 100which givesc + 5p + 10a = 200
Sincec, p anda are whole numbers,must be a multiple of 5.

Note thatc cannot be 0, since there are more children than pensioners.

If c = 5, then5p + 10a = 195sop + 2a = 39... (1). Also, fromc + p + a = 30,
p+ a = 25.. (2). Subtracting (2) from (1) gives = 14and therp = 11. But we are told that
there are more children than pensioners, so this is not possibte = S®

If c = 10thenS + 10a = 190sop + 2a = 38... (3)and fromc + p + a = 30,
p+ a = 20... (4. Subtracting (4) from (3) gives = 18 and henc@ = 2. This also satisfies the
condition that < a < 2c.

If c = 15then% + 10a = 185sop + 2a = 37... (5 and fromc + p + a = 30,
p + a = 15.. (6). Subtracting (6) from (5) gives = 22 which givesp = -7 and a negative
number is not possible!

Similarly, if c > 15the value op would still be negative.

So the only possibility is that 10 children and 2 pensioners attended the show.



M4. Three expert logicians played a game with a set of 21 cards each with a different two-digit pri
number. Each drew a card and held it up so that they could not see the number on their own «
could see the number on the cards of each of the others. Ali, Bobby and Charlie in turn were t
asked two questions, namely "Is your number the smallest of the three?" and "Is your number
largest of the three?". In the first round all three answered "Don't know" to both questions. T}
same happened in rounds two and three. In round 4 Ali answered "Don't know" to the first qu

What did Ali answer to the second question and what numbers did Bobby and Charlie have?

Solution
There are exactly 21 two-digit primes:
11 13 17 19 23 29 31 37 41 43

47 53 59 61 67 71 73 79 83 89 97

It is only the order which is important, so consider the numbers 1, 2, ... 21 instead.
Round 1

If A could see the 1 card, she would know she had a number greater than 1 and would answe
the first question. So B and C cannot have 1.

If B could see the 1 card or the 2 card, he would know he had a number greater than 2 and w
answer no to his first question. So A cannot have 1 or 2 and C cannot have 2.

If C could see the 2 card or the 3 card, she would know she had a number more than 3 and w
answer no to the first question. So A cannot have 3 and B cannot have 2 or 3.

If A could see the 21 card, she would know she had a number less than 21 and would answel
the second question. So B and C cannot have 21.

If B could see the 21 card or the 20 card, he would know he had a number less than 20 and w
answer no to his second question. So A cannot have 21 or 20 and C cannot have 20.

If C could see the 20 card or the 19 card, she would know she had a number less than 19 anc
answer no to the second question. So A cannot have 19 and B cannot have 20 or 19.

Rounds 2 and 3 are similar. The numbers eliminated each time are:

round question A B C

1 Al 1 1
Bl 1,2 2
C1 3 2,3

2 Al 4 3,4
Bl 4,5 5
C1 6 5,6

3 Al 7 6,7
Bl 7,8 8
C1 9 8,9

1 A2 21 21
B2 21, 20 20
C2 19 20, 19

2 A2 18 19, 18
B2 18, 17 17
C2 16 17,16

3 A2 15 16, 15
B2 15, 14 14
C2 13 14,13

So A can only have 10, 11 or 12, B can only have 10, 11 or 12 and C can only have 9, 10, 11,

13.
A can't see 9 or 10, because then she would know to answer no to the next question. And sh



see both 11 and 12 or both 12 and 13 because then she would answer yes.
So she must be able to see 11 and 13.

Hence Ali would answer no to the question "Is your number the largest of the three?". And Bc
has the 11th prime, 47 and Charlie has the 13th prime, 59.



M5. Consider a square with side 15 cm and an equilateral triangle with the same perimeter.
Which has the greater area? And by how much?

Solution

The area of the squareli§ cmx15cm = 225cn? and its perimeter ¢ x 15cm = 60 cm.

So each side of the triangled® cm. We will calculate the area of the triangle in three ways:

Method 1:
Put in an altitude. This bisects the base and we can use
Pythagoras' Theorem:
W+ 107 = 207 20
h’ = 400 — 100 = 300 h
h = /300 10
So the area is x 20 x /300 = 100V3 cm?.
Method 2:
We can use trigonometry. The area is given by
1 x 20 x 20 x sin60°
20
= 10 x 20 x @
2
_ 2
= 100V/3 cm - 20

Method 3:
We can use Heron's Formula which states that the area of a triangle is given by
JS(s — a)(s - by(s - ¢
where the sides ae b, c andsis the semi-perimete$(a + b + c). So the area is
v/30 x 10 x 10 x 10 = v/3 x 100 x 100 = 100V3 cn?

Thus the area of the squar@b cn?, the area of the triangle 1903 cn? and the area of the
square is bigger since

1003 < 100V4 = 200 < 225
And the area of the square is bigger than the area of the triangle by

225 - 1003 = 25(9 - 4V/3) =~ 25 x (9 - 6-9 = 50cn?.
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